We propose a Monte Carlo code for the simulation of the fragmentation process of polarized quarks into pseudoscalar mesons. Such process is generated recursively once the flavour, the energy and the spin density matrix of the initial quark are specified, performing a cascade of splittings of the type q → h + q , where q, q indicate quarks and h the hadron with flavour content qq . Each splitting is generated using a splitting distribution which has been calculated in a string fragmentation framework including, for the first time, the 3 P0 mechanism. This mechanism involves a "complex mass" parameter responsible for transverse spin effects, such as the Collins effect. Results for single hadron and hadron pair analyzing power are found to be in agreement with experimental results from SIDIS and e + e − annihilation.
I. INTRODUCTION
Being a non perturbative process, the study of the fragmentation of quarks into hadrons requires the use of models. Among the variety of presently existing models [1] , the particular class of recursive type has been extensively used in the simulation of high energy scattering processes where the decay of a system of color charges in singlet state needs to be handled. Of particular interest are the Feynman-Field model [2] and the Lund Symmetric Model (LSM) [3] . The latter is the basis of the fragmentation part in the event generator Pythia [4] , successful in the description of experimental data for different scattering processes not involving polarization.
In the string formalism, the chromoelectric field stretched between the two endpoint color charges, which are either a quark q and an antiquarkq in e + e − annihilation or a quark q and a diquarkin Deep Inelastic Scattering (DIS), is replaced by a classical string which evolves in spacetime. During its evolution the string is cut several times in different spacetime points due to quark-antiquark pairs tunneling out of the background field. After the pair production, quarks and antiquarks combine to form stable hadrons or resonances which subsequentely decay. The quark spin degree of freedom in the fragmentation process, which is a non trivial complication as well as an essential ingredient, is not included in the existing generators of quark fragmentation processes. Having a complete generator is however needed for the preparation and the analysis of experiments where the hard scattering process involves polarized quarks. Among the effects originated by the quark spin the Collins effect [5] is of particular interest. It correlates the transverse polarization of the quark q and the transverse momentum of the hadron h in the process q ↑→ h + X. This correlation is described by the chiral odd function H ⊥h 1q known as the Collins function. H ⊥h 1q is interesting as a non perturbative object and it is used in quark polarimetry, being convoluted with the chiral-odd transversity PDF h q 1 in Semi-Inclusive DIS (SIDIS). The Monte Carlo code described here simulates the fragmentation of a polarized quark with flavour u, d or s and fixed energy. The quark jet is generated by recursive splittings q → h + q where the four-momentum of the hadron h is drawn according to the splitting distribution F q ,h,q calculated in a string fragmentation framework, similar to the LSM, with quark spin developed by Artru and Belghobsi [6] . Here, the quark-antiquark pairs created in string cutting points are supposed to tunnel out of the vacuum in a 3 P 0 state, i.e. in a triplet spin state S = 1 with unit relative orbital angular momentum L = 1, such that J ≡ L + S = 0. It was already shown in a simplified quark multiperipheral model [7] that the 3 P 0 wave function hypothesis predicts a Collins effect both for single hadron and for hadron pairs if a "complex mass" parameter is included. However, due to the complexity of the problem, in order to obtain quantitative predictions one has to rely on simulations. A different approach with respect to the string fragmentation model has been proposed by the authors of Ref. [8] .
The theoretical framework on which the code is based is described in Sections II and III. The results are sum-marized in Section IV.
II. THE RECURSIVE ALGORITHM
The hadronization process q A +q B → h 1 +h 2 +. . .+h N is most naturally supposed to occur via a quark chain diagram and modelized as the set of splittings
or equivalently as the recursive application of the elementary splitting
where the flavour content of the hadron h is. The production of vector mesons and baryons is not included in the present code.
In the following we indicate with k and k the fourmomenta of the quark q and q , with p the four momentum of hadron h and p ± = p 0 ± p z the lightcone momenta. We define also the longitudinal splitting variable Z = p + /k + , which is the forward lightcone momentum fraction of q carried by the hadron h.
We assume the initiator quark q A to be traveling along theẑ axis, taken as the jet axis, with definite k + A and no primordial transverse momentum. We take it completely polarized along theŷ axis.
Each hadron h of mass m h is characterized by the four-
The lightcone momenta are linked by the mass-shell constraint
T is the hadrons transverse energy squared and p T is its transverse momentum with respect to the jet axis. In terms of the quark transverse momenta in the elementary splitting it is p T = k T −k T due to momentum conservation.
The energy-momentum sharing between the hadron h and the quark q in each splitting is given by the splitting distribution
2 p T is the differential probability for h to be emitted with lightcone momentum fraction Z and transverse momentum p T . We generate first Z and then p T . It makes it easier to take into account the dynamical correlations in the decay chain between the quarks transverse momenta k T and k T as suggested in Ref. [9] .
Once the splitting distribution is calculated, the algorithm for the simulation of the jet generated by an initial polarized quark q A is the following -define the flavour, the energy-momentum and the spin density matrix ρ(q) of q A ≡ q 
9. calculate the spin density matrix of quark q .
-repeat steps 1−9 until the exit condition is satisfied
In step 1 the generation of s quarks is suppressed with respect to u or d quarks, by taking P (uū) : P (dd) : P (ss) with probabilities α : α : 1−2α such that P (ss)/P (uū) = 0.33. This gives α 0.43.
The meson identification at step 2 uses the isospin wave function and also suppresses the η 0 meson production with repsect to π 0 to account for their mass difference. We have choosen n(η 0 )/n(π 0 ) 0.57 as suggested in Ref. [10] .
As far as the momentum of the initiator quark is concerned, we focus on the DIS kinematics where the lightcone momentum of the hadronic system, composed by the virtual photon and the nucleon, in the nucleons rest frame is given by
where M is the nucleons mass. P ± represent the reservoir of the lightcone momenta, s = P + P − is the squared energy available for the fragmentation and ν = Q 2 /2M x B is roughly the energy of the initial quark. Therefore s is determined by the knowledge of the x B , Q 2 values. In our reference frame the quark q A travels along the forward lightcone and one can identify k + A ≡ P + . We are interested in the fragmentation region of this initial quark. Therefore the remainder-jet initiated byq B , which in the DIS case is a diquark, can be neglected. Thē q B particle travels along the backward lightcone with momentum k − B ≡ P − . Let us suppose now n hadrons have been generated. The remaining lightcone momenta are P ± rem(n) and after the generation of h n with momentum (p
The remaining squared energy to be used in the generation of the next hadrons is
. When the squared energy s n+1 falls below a given mass M 2 R the chain terminates (exit condition at step 6). In our code it is M R = 1.5 GeV /c 2 to leave enough energy for the production of a (not simulated) baryon. The observables investigated here are not sensitive to this value.
III. THE POLARIZED SPLITTING
The main ingredient for the simulation of the fragmentation process is the splitting distribution which, in string fragmentation models, is almost fully determined by the principle of "left-right" symmetry (or quark chain reversal) [3] . This principle tells that the process should look the same if started from the q A side or from theq B side.
If the quark polarization is taken into account, the splitting distribution becomes more complicated. It has been calculated [6] under the assumption that thepairs created in the string cutting points are produced in the 3 P 0 state, obtaining
where a and b L are free parameters, playing the same role as a and b in the PYTHIA event generator. The former suppresses large Z values while the latter is linked to an "intrinsic string fragility", i.e. the probability of having a string cutting point in the space-time area dz dt of the string world sheet. ρ int is an intermediate spin matrix linked to the spin density matrix ρ(q) of the quark q through [6] 
where u(k 2 T ) is a single-quark density in k T ⊗ spin space (classical in k T but matrix density in spin). The expression for u(k 2 T ) as given in Ref. [6] is
and the summation is on the final hadron type h and its spin states |s >. The quark transverse momenta and the spin matrices are included in the g{q , h, q} matrix, which is left-right symmetric, i.e. symmetric under q ↔ q , h ↔h. For the spin matrix the 3 P 0 mechanism suggests from [6] g{q , h, q} = e
where the terms in round brackets containing the complex masses µ q , µ q are quark propagators, each one connecting two successive hadrons via a 3 P 0 tunnel and the σ z matrix in between is the coupling for pseudoscalar meson emission. The parameter b T is linked to the width of the quark transverse momenta produced in the string cutting points.
The spin matrix g{q , h, q} enters the splitting distribution in eq. (7) quadratically and in the limit of small quark transverse momenta we have neglected the terms in k T · k T and σ · (k T × k T ) appearing in eq. (11) which would give polynomial terms of degree four in eq. (7). Thus, we approximate eq. (11) by
Furthermore we have used only one complex mass parameter µ = (Re(µ), Im(µ)) for all quark flavours. Finally, the spin density matrix ρ(q) of the quark q (step 9) is calculated according to [6] 
IV. THE SIMULATION RESULTS
As described above, the present simulation code handles the fragmentation of a polarized quark with fixed energy and without initial transverse momentum ("primordial" transverse momentum) into pseudoscalar mesons. It is a stand alone program not yet interfaced with existing event generators. As can be seen from eq. (7) and eq. q A . The mean values are given in Tab. I. The main feature is that the analyzing power has opposite sign and almost equal magnitude for oppositely charged mesons, as qualitatively expected from the 3 P 0 model and shown in the e + e − data. Also, the analyzing power vanishes for small z h and is linear in the range 0.2 < z h < 0.8. The decrease of a C P for small fractional energies is due to the fact that the memory of spin information is gradually lost when the rank increases. As z h becomes smaller the rank grows and the memory of the initial polarization decays [7] . As one can notice, the slope of the analyzing power for negative mesons, which are unfavoured in u chains, is larger than the slope for positive ones. Furthermore the slope for π − and K − are similar. A linear dependence on z h is also suggested by BELLE data [13] while it is not visible in the SIDIS data [14] , where the statistical uncertainties at large z h are large.
The analyzing power as function of p T is shown in Fig.  2 . Clearly there are two different behaviours for positive and negative mesons. In the π − (and K − ) case the power law
fits well the results, while the analyzing power for π + (and K + ) needs a stronger cutoff with p T . In this case we have used the function
which decays faster for large transverse momenta. Note the change in sign of the analyzing power for positive pions for p T > 0.9 GeV /c, as shown in Fig. 2 . It is due to the contribution of a second rank π + generated after a first rank π 0 . Indeed, in the model, the second rank hadron has an asymmetry opposite to the first one and also a larger transverse momentum. The second term in eq. (15) is included to take into account such effect, which is expected to be washed out when the primordial transverse momentum is taken into account.
Similar shapes are observed in the Collins asymmetry for charged pions produced in SIDIS off transversely polarized protons measured by COMPASS [14] and shown in Fig. 2 , in the right panel. Here no change in sign for positive pions is observed but the trend of the asymmetry up to p T = 0.9 GeV /c is in fair agreement with simulations. Note that the different vertical scale values are due to the fact that the Collins asymmetry is the convolution of the x-integrated transversity PDF and a C P . For jets initiated by transversely polarized d quarks the analyzing powers for π + and π − from the simulation are identical but interchanged. This is not the case for K + and K − , as can be easily understood in terms of their quark flavour content.
The same sample of simulated data has been used to investigate the properties of the analyzing power a
due to the Collins effect in the π + π − pair production in the u jet. Such analyzing power has been found to be qualitatively related to a C P in a recent experimental work in SIDIS [15] and its magnitude can be obtained by e + e − data [16] . In order to compare with the e + e − data we have evaluated the quantity (M inv ) ≡ a
, where M inv is the π + π − invariant mass and a
is the analyzing power averaged over all the kinematical variables, including M inv . Figure 3 shows (M inv ) from the simulation (red circles) when z h1,2 > 0.1 and p 2 T > 0.1 (GeV /c) 2 . The black triangles represent the same quantity calculated from BELLE data [16] . The agreement between the two data sets is very striking. In the simulation the analyzing power a C,u→π + π − P has been estimated using 2 sin(φ B − φ s A ) where φ B is the azimuth of the vector p 1T − p 2T , p 1 (p 2 ) being the momentum of the π + (π − ) of the pair. Both in the simulation and in the data the analyzing power shows a saturation for large values of the invariant mass while for small values it decreases.
It has to be noted that the Monte Carlo data sample has a different invariant mass spectrum with respect to BELLE data. From the error bars one may notice that in the BELLE data sample the statistics is larger around the ρ meson peak while in simulations the invariant mass spectrum is shifted towards large values. We remind that in the simulation program there are no resonances.
Finally we have studied the relationship between the Collins and the di-hadron analyzing powers for π protons from Ref. [14] . The black and the red lines of the fits are obtained using eq. (14) and eq. (15) respectively. [15] and it describes the trend of the Monte Carlo points. The plot at the right in Fig. 4 shows the asymmetry A sin φ 2h,S CL,2h from Ref. [15] as measured in COMPASS. As can be seen, the agreement is good and the main features are the same in real data and simulation. Note that the A sin φ 2h,S CL,2h asymmetry is a factor of 0.1 less than a C,u→π + π − P due to the transversity integral. The slight up-down disymmetry for π + and π − in the simulated data is due to the different values of the analyzing power for π + and π − , as shown in Tab. I.
V. CONCLUSIONS
We have developed a stand alone Monte Carlo code for the simulation of the fragmentation process of a transversely polarized quark (u, d or s) of fixed energy. The theoretical framework is provided by the string fragmentation model where the quark-antiquark pairs in the string cutting points are produced according to the 3 P 0 mechanism. The quark spin is included through spin density matrices and propagated along the decay chain according to the 3 P 0 rules. With respect to the Lund Symmetric Model, this model requires an additional complex mass parameter whose imaginary part directly affects the single hadron Collins asymmetry. The three free parameters present in the string fragmentation framework and the absolute value of the complex mass have been tuned by comparison with unpolarized experimental SIDIS data. The results of the simulation show a Collins effect of opposite sign for oppositely charged mesons. The dependence on the kinematical variables has been investigated, finding a good qualitative agreement with experimental data. A clear Collins effect for hadron pairs of opposite sign in the same jet is also obtained from the same simulated data. This effect is compared to BELLE and COMPASS asymmetries finding again a satisfactory agreement.
The results are very promising and the work is continuing. In particular in the future the code will be updated including resonances and their decays. An interface to presently existing event generators is also planned in order to make more quantitative comparisons with the existing data. − pairs produced in the same transversely polarized u jet as function of the relative azimuthal angle ∆φ, as defined in Ref. [15] . The red circles and the black triangles are the "Collins Like" asymmetries , as defined in Ref. [15] , for charged pions and the dashed black and red curves are the corresponding fits. On the right panel is shown the same plot from COMPASS data as presented in Ref. [15] .
